THE INITIAL VALUE PROBLEM FOR A THIRD ORDER DISPERSIVE EQUATION ON 
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ABSTRACT. We present the necessary and sufficient condition for the i 2 -well-posedness of the initial 
problem for a third order linear dispersive equation on the two dimensional torus. Birkhoff's method of 
asymptotic solutions is used to prove the necessity. Some properties of a system for quadratic algebraic 
equations associated to the principal symbol play crucial role in proving the sufficiency. 



1. Introduction 
This paper is concerned with the initial value problem of the form 

Lu = f(t,x) in Rxf, (1) 
u(0,x)=u (x) in T 2 , (2) 

where u(t, x) is a real- valued unknown function of (t, x) = (t,xi,X2) 6KxT 2 ,T 2 = R 2 /27rZ 2 , uq(x) 
and f(t, x) are given real- valued functions, 

L = d t +p(d) + Y, ^a a(a) (x)d a + b(x) ■ V + c(x), 

\a\=2 

d t = d/dt, dj = d/dxj, d = V = (di,d 2 ), = 66(6 + 6)> « = ("1,02) is a multi-index, 
|a| = «i + «2> ol = aila^!, a(a) = (ai — «2)/2, b(x) = (bi(x),b2(x)), and a a ^, bj(x), c{x) are 
real-valued smooth functions on T 2 . Such operators arise in the study of gravity wave of deep water. See 
ifTl . 0, [4 1 and the references therein. 

The purpose of this paper is to present the necessary and sufficient condition of the existence of a 
unique solution to (Q-©. To state our results, we introduce notation and the definition of L 2 -well- 
posedness. C°°(T 2 ) is the set of all smooth functions on T 2 . L 2 (T 2 ) is the set of all square-integrable 
functions on T 2 . For g£L 2 (T 2 ), set 

C(R; L 2 (T 2 )) is the set of all L 2 (T 2 )-valued continuous functions on E, and similarly, L^R; L 2 (T 2 )) 
is the set of all L 2 (T 2 ) -valued locally integrable functions on R. Here we state the definition of L 2 -well- 
posedness. 

Definition 1. The initial value problem Q-@ is said to be L 2 -well-posed if for any uq£L 2 (T 2 ) and 
feLl 0C {R; L 2 (T 2 )), O-© possesses a unique solution ueC(R; L 2 (T 2 )). 

In view of Banach's closed graph theorem, if Q-© is L 2 -well-posed, then for any T > 0, there exists 
Ct > such that all the solutions satisfy the energy inequality 



< C T ( ||uo|| + 

Our results are the following. 



Il/«ll<k 







(1*1 ^ T). (3) 
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Theorem 1. The following conditions are mutually equivalent. 

I. ©-(Ell is L 2 -well-posed. 

II. For any x G T 2 and for any £ G A, 

/>2tt 91 

/ E (z+V(£))r^=o, (4) 

where -pf^) = V#(0 = (6(26 + 6), 6(26 +6)) WA = G R 2 |p'(6 G Z 2 }. 

III. cto^) = a i(^) + a-i(x), and there exists (/>(x)gC°°(T 2 ) such that V0(x) = (a_i(a;), a\{x)). 

Here we explain the background of our problem. There are many papers dealing with the well- 
posedness of the initial value problem for dispersive equations. Generally speaking, it is difficult to 
characterize the well-posedness. In fact, results on the characterization are very limited. In [7| Mizohata 
studied the initial value problem for Schrodinger-type operator of the form 

S = d t - iq(d) + b(x) ■ V + c(x) 

on R n , where i = y/— 1 and q(£) = £ 2 + • • • + £ 2 . He gave the necessary condition for the L 2 -well- 
posedness 



sup 

Cz>,£)eiRxf 



T 







< +00. (5) 



© gives the upper bound of the admissible bad first order term (lmb(x)) • V. In other words, © is 
necessary so that (Im6(x)) • V can be controled by the local smoothing effect of e %tq<yd \ In [ 5 1 Ichinose 
generalized (J5jl for the Schrodinger-type equation on a complete Riemannian manifold. When n = 1, 
© is also the sufficient condition for L 2 -well-posedness. Moreover, in [ 8 1 and [9| Tarama characterized 
the L 2 -well-posedness for third order equations on R. 

For equations on compact manifolds, the local smoothing effect breaks down everywhere in the man- 
ifold. Then, the restriction on the bad lower order terms becomes stronger, and the characterization of 
L 2 -well-posedness seems to be relatively easier. In fact, the L 2 -well-posedness for S on T n is character- 
ized. See 0, and ifTOl . 

L is the simplest example of higher order dispersive operators on higher dimensional spaces. p(£) 
satisfies 7^ and detp"(6 7^ for £ 7^ 0. The symbol of the Laplacian q(£) also satisfies the 
same conditions. It is interesting that our method of the proof does not work if we replace by 
r(6 = £f + £|. This seems to be due to the degeneracy of det r"(£) = 3666 f° r £ 7^ 0. 

The organization of this paper is as follows. In Sections |2] and |3] we prove I ==> II and II =^ III 
respectively. We omit the proof of III =^ I. In deed, under the condition ao = a\ + o_i, L becomes 

L = d t + p(d) + o_i (x) % (8) + ai (x) % (d) + b(x) • V + c(x) . 

<96 96 

In view of Vcj) = 01), we have 

e^Le^ = d t + A, A = p(S) + b 1 (x)d 1 + b 2 (x)8 2 + c(x), 

where b\(x), b 2 (x) and c(x) are real- valued smooth functions on T 2 . It is easy to see that the initial value 
problem for e^Le~^ is L 2 -well-posed since 

a a* 9bi . . db 2 , . 
~ <9x7 ~~ 'dx 2 

2. The Proof of I =>• II 

We begin with the reduction of ©. Set 

x 2' 

a (^>6 = 2^ — « CT (a)(^)^ 
l«l=2 a ' 
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for short. If 



sup 



a(x + tp' (£),£) dt 



< +00, 



(6) 



then (|4} holds since a(x + tp'(£), £) is a 27r-periodic function in t G R for any (x, £) G T 2 x A. © is 
equivalent to an apparently weaker condition 

fT 



sup 

(T,z,g)eRxT 2 xQ 2 



< +00. 



(7) 



For £ G Q 2 , there exist «£Z 2 and / G N such that £ = a/7. Changing the variable by i = / 2 s, we have 



T/l 2 



a(x + sp'(a), a)dt. 



Then, (0 is equivalent to 



sup 

(T,i,a)elxT 2 xZ 2 



a(x + tp'ipc), a)dt 



< +00. 



(8) 



To prove I =^ II. we shall show the contraposition of I =^ ©. 

Suppose that ([8ll fails to hold, that is, for any n G N, there exist T n G R, x n G T 2 and a G 1? such 
that 

/ a(x n + tp'(a), a)dt ^ 2n. 
We shall show that the energy inequality © fails to hold. Firstly, we consider the case that T n > and 

/ a(x n + tp'(a),a)dt ^ 2n. 
^0 

Since [0, T n ] x T 2 is compact and 

(s,x) G [0,T n ] x T 2 1 — ► I a(x + tp'(a),a)dt 

Jo 

is continuous, there exist (T, y) G (0, T n ] x T 2 such that 

max / a(x + tp'(a), a)dt = / a(y + tp'(a), a)dt. 
Pick up ^GC°°(T 2 ) such that ||V>|| = 1 and 



fT 

/ a(x + tp'(a), a)dt ^ n in supp[ 
Jo 



Let it be a complex- valued solution to (0 with a complex- valued given function f(t,x). Then, 
LReit = Re / and Limit = Im/ since all the coefficients in L are real- valued. We construct a 
sequence of complex-valued asymptotic solutions to Lu = 0. For / G N, set 

ui(t,x) = e Mi*)+n«-x+Mt,x)^ x + ( t _ T/l 2 )p'{la)), 



4>i(t,x) 



fit 



a(x + sp'(a), a)ds. 



Then, u/GC°°(R x T 2 ), 



||«i(o)|| = m = i, 

\ Ul (T/l 2 )\\ = \\eMMT/l 2 ,-m-)\\ > e n - 



(9) 
(10) 
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Next we compute Lu\. Set b(x,£) = b(x) ■ £ and vi(t,x) = e~ ltp ^ la ^~ lla ' x ui(t,x) for short. We 
deduce 

e -itp(la)-Ua-x Lui = ^ + ip( l a )) Vl + p (Q + H a ) Vl 

+ a(x, d + ila)vi + b(x, d + ila)vi + c(x)u;, (11) 
(9t + ip(la))vi = ip(la)vi + a(x + tp(la), la))vi 

+ eV(Za) • W>0 + (< - T/l 2 )p(la)) (12) 
p(3 + «7a)uj = (p(<9) + i/a • — p'(la) ■ V — ip(la))vi 
= (p(d) + Hot ■ p'(d))vi — ip(la)vi 

H 2 t \ 
p'(la) ■ V(a(x + sp'(a),a))ds v\ 

e^ l p'(la) ■ V^(x + (t- T/l 2 )p'(la)) 
(p(d) + Hot • p (d))vi — ip(la)vi 

' lH d \ 
— (a(x + sp'(a),la))ds V\ 
ds J 

- e* l p'(la) ■ VV>(x + (t - T/l 2 )p'(la)) 
= (p(d) + Hot ■ p'(d))vi — ip(la)vi 

- a(x + tp (la), la))vi + a(x, la)vi 

- e^p'ila) • VV>(x + {t- T/l 2 )p'(la)), (13) 
a(x, d + ila)vi = a(x, &)vi — a(x, la)vi 

+ 2il(a\ai(x) + ot2ao(x))d\Vi 

+ 2iZ(aiao(x) + a 2 a_i(x))92^, (14) 
b(x, d + ila)vi = b(x, d)vi — ib(x, la)vi. (15) 

Substituting (fl2t. (fOt . (fT4l and (Q3J into (Qj), we obtain 

|Luj(i,a:)| <Ci|a| ^ |<9^(i, 



Then, we deduce 



|Luj(*,a:)| < C /|a|(l + T|a| 2 ) 3 exp Qf a(y + sp'(a), a)ds^j (16) 



for t £ [0, T/Z 2 ]. Integrating the L 2 (T 2 )-norm of (QB over [0, T/l 2 ], we have 



J \\L Ul (t)\\dt^-^, 



A a = 2vrC r|a|(l +T\a\ 2 ) 3 exp (J a(y + sp (a) , a)ds 
If we take I satisfying A a < I, then 



\\Lui(t)\\dt ^ 1. (17) 
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Combining ©, £RD and O, 

we obtain 

IMT/Z 2 )|| ^ e" > 2 > ||^(0)|| + / \\L Ul (t)\\dt, 

Jo 

which breaks the energy inequality 
When T n > and 

/ a(x n + tp'(a), a)dt ^ — 2n, 
we employ a sequence of asymptotic solutions of the form 

ui(t,x) = e -it P {ia)-Ua-x-Mt,^^ x + ( t _ T/l 2 )p'(la)). 
When T n < 0, the proof above works also in [T, 0] for some T E [T n , 0]. The proof of I =>- II finished. 

3. The Proof of II =^ III 

To prove II =>■ III, we need to know the properties of A. 

Lemma 2. For any a E Z 2 , f/iere ew'sfs £(a) E A such that p'(±£(a)) = a. Moreover, £(0) = 0, and 
for a^0, £(a) 7^ and 

£l(a)&(a) + / 0. (18) 

Proof. For the sake of intelligibility, we express two-vectors by the entries as (£, r/) 6 A and (a, /3) E Z 2 . 
We solve a system for quadratic algebraic equations 

77(2^ + 77) = «, C(2t7 + = /3- 

Case (a, 0) = (0, 0). Suppose ??(2£ + 77) = and £(2?? + £) = 0. Then 77 = or 2£ + 77 = 0, and 
£ = or 27/ + £ = 0. In any case, (£,77) = is a unique solution. 

Case a = Q,/3^Q. Suppose /3 / 0, t/(2£ + 77) = and £(2r? + £) = /3. Then, 7/ = or 77 = -2£, and 
£(277 + £) = /3. If 77 = 0, then £ 2 = /3, which impl ies > an d (£, 77 ) = (±V?> 0). If 77 = -2£, then 
-3£ 2 = 73, which implies (3 < and (£, 7/) = ±(y/-/3/3, -2^-/3/3). Then, we have 

f±(v^,0) (if /3>0) 



(£(0,/3),r/(0,/3)) 



£(0, /3)r/(0, /3) + £(0, -/3)77(0, -/3) = -|/3| + 0. 



Case a 7^ 0, (3 = 0. In the same way as the case a = and 7^ 0, we have 

'±(0 >v /a) (if a>0) 

(;f q<0) 

£(a, 0)77(0, 0) + £(a, 0)7/(0, -a) = --|a| + 0. 



Case a/3 / 0. Suppose a/3 / 0, ?7(2£ + 77) = a and £(2t/ + £) = /3. £77 7^ since aj3 = £77(277 + 
£)(2£+t/) / 0. Substituting 77 = -£/2 + /3/2£ into 7/(2£ + 77) = /?, we have 3£ 4 + 2(2a-/3)£ 2 -/3 2 = 0. 
Then, 

^ 2 /3 - 2a ± y^/J - 2a) 2 + 3/3 2 
* = 3 • 
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Since \/3 - 2a\ < y/(0 - 2a) 2 + 3/? 2 and £ 2 > 0, 



2 _ 13 - 2a + y/(P - 2a) 2 + 3/? 2 



Then, we have 



Using 2^7] = (3 — £ 2 = a — if, we get 



'/3-2a+ v / (/3-2a) 2 + 3/3 2 



2£t7 



2(q + /3) - VP " 2a) 2 + 3/3 2 



2 _ a - 2/3 + V(/? - 2a) 2 + 3/3 2 
77 ~ 3 ' 

Here we remark that rj 2 > is satisfied in d20t since 

( V(/3 - 2a) 2 + 3/? 2 ) 2 - (q - 2/3) 2 = 3a 2 > 0. 
Using (ED and (gOj, we deduce 



2N =x(a,/?) 



2(a + /?) - VP " 2a) 2 + 3/3 2 



X (a, /?) = sgn (2(a + /3) - VP " 2a) 2 + 3/3 2 J . 
x(a, /3) makes sense for a/3 7^ since 

4(a + /3) 2 - 

Thus, we have 



(/?-2a) 2 + 3/3 2 ) = 12a/?/0. 



£(a,/?)' 
r/(a,/3) 



'/3 - 2a + v / (/3 - 2a) 2 + 3^ 2 



X(a,/5)i 



'a -2/3+ V(/5 - 2a) 2 + 3/3 2 



It follows from (fT9b that 



£(a, /3)r/(a, /3) + £(-a, -/3)r?(-a, -/?) = -~ VP - 2a) 2 + 3/3 2 / 0. 
This completes the proof. 

Finally, we prove II =>- III. Express a CT ( Q ) (x) by the Fourier series of the form 

a<r(a){x) = a <x(a),/? ex P(^ - x )- 

Substitute the Fourier series into ©. Then, for (x, £) € T 2 x A, 

/3£Z 2 |a|=2 ' - 70 
/3-p'(?)=0 

= 2vr ^ {(a-i,/3,ai,/3)-p / (6+ 2 ( a o, ( s-«i,/3-a_i, / 3)Ci6}e^' !z: - 



/3-p'(O=0 
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It follows that if (3 ■ p'(£) = and £ G A, then 

(a_i„g, ai i/3 ) • + 2(a 0l/ 3 - «i,/3 - fl-L/))66 = 0. 
In view of Lemma|2j we have 

(a-i,/3, a\,p) ■ ol + 2(a ,/3 - ai„s - a_i j/ g)Ci(a)6( Q! ) = °> (21) 
-(a-1,/3, ai )( g) • a + 2(a ,/3 - a>i,/3 ~ a-i,/3)£i(-a)6(-a) = 0, (22) 
for a£Z 2 satisfying a • f3 = 0. The sum of dTTTi and d22l is 

2(o ,/3 - ai >/3 - a_i >/3 )(^i(a)^ 2 (a) + £i(-a)6( _a 0) = 0. 

In view of (fl8l . we get ao,/? = oj,^ + a^\^ for all /? G 1? . Thus, ao(x) = ai(x) + a_i(x), and d2lTi 
becomes 

(ci-1,/3, ai,/3) • a = if a • /? = 0. (23) 
(a_i 5 o, «i,o) = since a • = for all a G Z 2 . For /? 7^ 0, d23l implies that there exists (pp G C such 
that (a_i,/3, ai^) = icf>p/3. If we set 

then 

V^(x) = Y J ih^ x = ]T(a_ li/3 ,a li/3 )e^ = (a_i(a;), 01 (a:)), 

which is desired. The proof of II =>■ III finished. 
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